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Finite-dimensional complex Lie superalgebras of Heisenberg type
obtained from a given Z2-homogeneous supersymplectic form de-
ﬁned on a vector superspace, are classiﬁed up to isomorphism.
Those arising from even supersymplectic forms, have an ordinary
Heisenberg Lie algebra as its underlying even subspace, whereas
those arising from odd supersymplectic forms get based on abelian
Lie algebras. The question of whether this sort of Heisenberg Lie
superalgebras do or do not support a given invariant supergeomet-
ric structure is addressed, and it is found that none of them do.
It is proved, however, that 1-dimensional extensions by appropri-
ate Z2-homogeneous derivations do. Such ‘appropriate’ derivations
are characterized, and the invariant supergeometric structures car-
ried by the extensions they deﬁne are fully described. Furthermore,
necessary and suﬃcient conditions are obtained in order that any
two 1-dimensional extensions by Z2-homogeneous derivations be
isomorphic; also, necessary and suﬃcient conditions are obtained
in order that any two extensions carrying invariant supergeometric
structures be isometric.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Given a symplectic vector space V with symplectic form ω, one deﬁnes its Heisenberg Lie al-
gebra as the (dim V + 1)-dimensional 2-step nilpotent Lie algebra h0(V ,ω) obtained by letting
[u, v] = ω(u, v)h, h being a central element in h0(V ,ω). Heisenberg Lie algebras have had some
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tion relations in quantum mechanics. Heisenberg Lie superalgebras of the type studied here, provide
a way to generalize the former when supersymmetric principles are involved. In geometry, on the
other hand, the study of nilmanifolds usually starts with the study of some of the simplest nilpotent
Lie groups; just like the Heisenberg group. A thorough general study of Heisenberg Lie supergroups is
yet to come, but we may refer the reader to [4] for a possible approach.
Thus, our aim is to study some natural generalizations of the Heisenberg Lie algebra within the
category of ﬁnite-dimensional complex Lie superalgebras. In order to do this we shall ﬁrst recall in
Section 2 below what a supersymplectic vector space is. There are two essentially different types
of supersymplectic spaces, but in either case we can deﬁne a (dim V0 + 1,dim V1)-dimensional, or
a (dim V0,dim V1 + 1)-dimensional 2-step nilpotent Lie superalgebra, denoted by h(V0 ⊕ V1,B), in
essentially the usual Heisenberg way: namely, for any u, and v in V0 ⊕ V1 we set [u, v] = B(u, v)h,
where now B is a supersymplectic form on V0 ⊕ V1 such that |B| = |h|.
Our main goal is to ﬁnd necessary and suﬃcient conditions to extend h(V0 ⊕ V1,B) by a single
homogeneous derivation D ∈ Derh := Derh(V0 ⊕ V1,B), in such a way that the resulting exten-
sion, denoted h(D), may admit an invariant superorthogonal structure. As a matter of fact, we prove
that no non-degenerate supersymmetric nor skew-supersymmetric bilinear form can be deﬁned on
h(V0 ⊕ V1,B), but necessary and suﬃcient conditions are given in Theorem 17 below to provide such
a form on the extension h(D) with an “appropriate” D . In the course of the proof we fully describe
the superspace of derivations Derh, and we also ﬁnd necessary and suﬃcient conditions for any two
extensions h(D) and h(D ′) to be isomorphic. Finally, we ﬁnd necessary and suﬃcient conditions for
any two extensions h(D) and h(D ′) carrying invariant superorthogonal forms, to be isomorphic and
isometric.
2. Preliminaries
Let V be a complex vector superspace; that is, a complex vector space with a given direct sum de-
composition V = V0 ⊕ V1, together with a grading map deﬁned by |v| = α if, and only if, v ∈ Vα − {0}
(α = 0,1). Elements in the domain of | · | are called homogeneous. Elements in | · |−1(0) are called even,
whereas those in | · |−1(1) are called odd.
A Lie superalgebra is a complex vector superspace g = g0 ⊕ g1 equipped with a bilinear map [·,·] :
g × g → g satisfying the following properties:
(1) [gα,gβ ] ⊂ gα+β , for all α,β = 0,1.
(2) [u, v] = −(−1)|u||v|[v,u].
(3) (−1)|u||z|[u, [v, z]] + (−1)|v||u|[v, [z,u]] + (−1)|z||v|[z, [u, v]] = 0, for all homogeneous u, v, z ∈ g.
It then follows that g0 is a Lie algebra.
Let g and h be Lie superalgebras. A map ϕ : g → h is a Lie superalgebra morphism between them if
ϕ : g → h is C-linear, ϕ(gα) ⊂ hα (α = 0,1), and ϕ([u, v]) = [ϕ(u),ϕ(v)], ∀u, v ∈ g. If ϕ is invertible
we say that ϕ is an isomorphism.
Let V = V0 ⊕ V1 be a vector superspace as before, and consider the vector space of all bilinear
forms on V , Bil(V ). It has a natural decomposition Bil(V ) = (Bil V )0 ⊕ (Bil V )1 and a grading map
under which B ∈ (Bil V )α if for any pair of homogeneous vectors u, v ∈ V , B(u, v) = 0 whenever
|u| 	= |v| + α (α = 0,1). Following [6], B ∈ Bil(V ) is supersymmetric (resp. skew-supersymmetric) if
B(u, v) = (−1)|u||v|B(v,u) (resp. B(u, v) = −(−1)|u||v|B(v,u)),
for all homogeneous vectors u, v ∈ V . A bilinear form B ∈ Bil(V ) is non-degenerate if from B(v,u) = 0
for all v ∈ V , it follows that u = 0. A non-degenerate bilinear form B on a vector superspace V =
V0 ⊕ V1 is called superorthogonal (resp. supersymplectic) if B is homogeneous and supersymmetric
(resp. skew-supersymmetric).
Let V = V0 ⊕ V1 be a vector superspace equipped with a superorthogonal (resp. supersymplec-
tic) form B : V × V → C. If B is even, then V0 is an orthogonal vector space with orthogonal form
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symplectic vector space with symplectic form ω = B|V1×V1 (resp. V1 is an orthogonal vector space
with orthogonal form g = B|V1×V1 ). In this case we shall write B↔ (g,ω) (resp. B↔ (ω, g)), and in
fact B(u0 + u1, v0 + v1) = g(u0, v0) + ω(u1, v1) (resp. B(u0 + u1, v0 + v1) = ω(u0, v0) + g(u1, v1))
for all u = u0 + u1 and v = v0 + v1 in V . On the other hand, if B is odd then there are non-
degenerate bilinear parings Φ : V0 × V1 → C and Ω : V1 × V0 → C such that B(u0 + u1, v0 + v1) =
Φ(u0, v1)+Ω(u1, v0), and Φ(u0, v1) = Ω(v1,u0) (resp. Φ(u0, v1) = −Ω(v1,u0)), ∀u0 ∈ V0, v1 ∈ V1.
In any case we shall write B ↔ Φ with the understanding that Ω(v1,u0) = Φ(u0, v1) (resp.
Ω(v1,u0) = −Φ(u0, v1)).
3. Heisenberg Lie superalgebras
Let g be a ﬁnite-dimensional complex Lie superalgebra with a 1-dimensional homogeneous derived
ideal such that [g,g] ⊆ Z(g). Let h be the homogeneous generator for [g,g] ⊂ Z(g). Then a homoge-
neous skew-supersymmetric bilinear form B can be deﬁned on g via [x, y] = B(x, y)h, ∀x, y ∈ g. Note
that |B| = |h|. This clearly induces a homogeneous skew-supersymmetric bilinear form B on the Lie
superalgebra g/Z(g) via B([x], [y]) = B(x, y).
1. Proposition. Let g be a Lie superalgebra with a 1-dimensional homogeneous derived ideal. Suppose that
[g,g] = 〈h〉 ⊂ Z(g). Then, there exists an abelian Lie sub-superalgebra a ⊂ g such that g = h ⊕ a, where h is
the Heisenberg Lie superalgebra.
Proof. It is clear that Z(g) ⊆ Rad(B) = {x ∈ g | B(x, y) = 0, ∀y ∈ g}. Since B is not identically zero,
there is a vector sub-superspace V ⊂ g of maximal dimension on which B is non-degenerate. Then,
g = V ⊕ Rad(B). Let {v1, . . . , v2r} and {h,u1, . . . ,us} be bases for V and Rad(B), respectively, with
h ∈ Z(g). Then, set h = 〈v1, . . . , v2r,h〉 and a = 〈u1, . . . ,us〉 to obtain the decomposition given in the
statement. 
We say that a Lie superalgebra g is a Heisenberg Lie superalgebra if it has a 1-dimensional homo-
geneous center Z(g) = 〈h〉 such that [g,g] ⊆ Z(g) and B is non-degenerate. In particular, g/Z(g) is
supersymplectic. We shall write (V ,B) for the underlying supersymplectic vector sub-superspace of
g such that g = V ⊕ Z(g).
Conversely, given a ﬁnite-dimensional supersymplectic vector superspace V with a homogeneous
supersymplectic form B, one deﬁnes its associated Heisenberg Lie superalgebra h = V ⊕ Z(h), by
letting Z(h) = 〈h〉, [u, v] = B(u, v)h, for all u, v ∈ V , and |B| = |h|. It is easy to see that, up to isomor-
phism, there exists only one Heisenberg Lie superalgebra structure based on a given supersymplectic
vector superspace (V ,B).
1. Remarks.
(1) If |B| = 0, then B↔ (ω, g) and h0  V0 ⊕ 〈h〉 is the Heisenberg Lie algebra associated to the pair
(V0,ω), whereas if |B| = 1, then V0  V1 and h0  V0 is an abelian Lie algebra.
(2) Bases of V0 and V1 can be chosen in such a way that:
(a) If |B| = 0, then B ↔ (ω, g), where ω = ( 0 In−In 0 ) and g = Im . In what follows we shall use{e1, . . . , en, f1, . . . , fn} as a symplectic basis for h0/Z(h0) adapted to ω. We shall write h for
a generator of Z(h0) as before. We simply write h0 if V0 and ω are ﬁxed within a given
context. Finally, we shall occasionally use the decomposition V0 = E ⊕ F into the pair of
maximal isotropic subspaces generated by {e1, . . . , en} and { f1, . . . , fn} respectively.
(b) If |B| = 1, then B↔ Φ , where Φ = In .
A Lie superalgebra is called nilpotent (resp. solvable) if the ideals in the lower central series (resp.
in the derived series) vanish for some index k ∈ N (see [2]).
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Theorem does not necessarily hold for a solvable Lie superalgebra. The proofs of the two following
results can be found in [6,2].
2. Theorem. Let V = V0 ⊕ V1 be a vector superspace and let g = g0 ⊕ g1 be a graded subalgebra of gl(V )
such that the elements of g0 and g1 are nilpotent. Then there is a vector v ∈ V , v 	= 0, such that x(v) = 0 for
all x ∈ g.
It then follows that a Lie superalgebra is nilpotent if and only if adg x is nilpotent for every homo-
geneous element x ∈ g.
3. Theorem. A Lie superalgebra g is solvable if and only if the even part of g is a solvable Lie algebra.
It follows that the Heisenberg Lie superalgebra associated to any supersymplectic form is always
solvable. It is also nilpotent since [h,h] ⊂ Z(h).
Let g = g0 ⊕ g1 be a Lie superalgebra, and let B : g × g → C be either a supersymplectic or super-
orthogonal form on g. We say that B is invariant if B([x, y], z) = B(x, [y, z]), for any elements x, y,
and z in g.
4. Proposition. Let B be a supersymplectic form on V = V0 ⊕ V1 , and let h = V0 ⊕ V1 ⊕ 〈h〉 be its asso-
ciated Heisenberg Lie superalgebra. Let B̂ : h × h → C be either a supersymmetric or skew-supersymmetric
homogeneous bilinear form. If B̂ is invariant, then it degenerates.
Proof. We analize the cases |B| = 0 and |B| = 1 separately.
Case 1. The Heisenberg Lie superalgebra h associated to an even supersymplectic form B. Let
{e1, . . . , en, f1, . . . , fn,h} be a symplectic basis adapted to h0, and h ∈ Z(h) − {0}. Suppose
B̂ : h × h → C is even and supersymmetric (resp. skew-supersymmetric). Then B̂ ↔ (B̂0, B̂1) with
B̂0 symmetric (resp. skew-symmetric) and B̂1 skew-symmetric (resp. symmetric). In particular, B̂ is
invariant if and only if B̂0 and B̂1 are. It follows that B̂0(ei,h) = B̂0(ei, [e j, f j]) = B̂0([ei, e j], f j) = 0
for each i, j = 1, . . . ,n. In the same way, B̂0( f i,h) = B̂0(h,h) = 0. Then, B̂0 degenerates and whence;
B̂ also degenerates.
On the other hand, suppose B̂ : h × h → C is odd, invariant and supersymmetric (resp. skew-
supersymmetric). Then B̂ ↔ Θ with Θ : h0 × h1 → C and Λ : h1 × h0 → C such that Θ(v0, x1) =
Λ(x1, v0) (resp. Θ(v0, x1) = −Λ(x1, v0)), ∀v0 ∈ h0 and x1 ∈ h1. If B̂ is invariant, then Θ(h, x) =
Θ([ei, f j], x) = Θ(ei, [ f i, x]) = 0, ∀x ∈ h1. We conclude Θ(h, x) = 0, ∀x ∈ h1; i.e., B̂ degenerates.
Case 2. The Heisenberg Lie superalgebra h associated to an odd supersymplectic form B. Suppose
B̂ : h × h → C is even and supersymmetric (resp. skew-supersymmetric). Then, B̂ ↔ (B̂0, B̂1) with
B̂0 symmetric (resp. skew-symmetric) on h0  V0 and B̂1 skew-symmetric (resp. symmetric) on
h1  V1 ⊕ 〈h〉. Note that if B̂ is invariant we have B̂([u, x], y) = B̂(u, [x, y]) for any elements u ∈ V0,
x, y ∈ V1 ⊕ 〈h〉, and therefore Φ(u, x)B̂1(h, y) = 0. Since Φ is non-degenerate, B̂1(h, y) = 0 for all
y ∈ V1. Whence, B̂ degenerates.
Finally, note that we cannot deﬁne odd invariant skew-supersymmetric bilinear forms on h since
dim V0 	= dim V1 ⊕ 〈h〉. 
Thus, Proposition 4 says that Heisenberg Lie superalgebras do not admit neither supersymplec-
tic nor superorthogonal invariant forms. Therefore, we look for the possibility of ﬁnding them on a
slightly bigger Lie superalgebra containing h and constructed in terms of a homogeneous derivation
D ∈ Der(h).
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Der(g) = (Derg)0 ⊕ (Derg)1 by letting
(Derg)α =
{
D ∈ gl(g)α: D[u, v] = [Du, v] + (−1)αβ [u, Dv], ∀u ∈ gβ
}
.
It is a well-known fact (see [6]) that Der(g) is a Lie sub-superalgebra of gl(g0|g1).
Given a Lie superalgebra g and a homogeneous derivation D ∈ Der(g), we may consider the vector
superspace g(D) = g ⊕ 〈D〉 and endow it with the Lie superalgebra structure deﬁned by [x + αD,
y + βD] = [x, y] + αD(y) − (−1)|x||D|βD(x) + αβ[D, D] for all x, y ∈ g, α,β ∈ C. Observe that if D is
even, g(D) has the usual structure of a semidirect product of Lie superalgebras, whereas if D is odd
we have a Lie superalgebra structure given by the following:
5. Proposition. Let g be a Lie superalgebra and D ∈ (Derg)1 be a homogeneous derivation. The vector super-
space g(D) = g ⊕ 〈D〉 is a Lie superalgebra if and only if
(i) [[D, D],uα] = (−1)α2[[D,uα], D] for all homogeneous uα ∈ g (α = 0,1), and
(ii) [D, D] ∈ Ker(D).
In particular, [D, D] ∈ Z(g) if and only if D2 = 0.
Proof. Suppose that g(D) = g⊕〈D〉 is a Lie superalgebra. Since g(D) satisﬁes [g(D)i,g(D) j] ⊂ g(D)i+ j
(i, j = 0,1), and g is a Lie sub-superalgebra of g(D), it follows that [u0, v0] ∈ g0, [u0, x1] ∈ g1 and
[x1, y1] ∈ g0 for all u0, v0 ∈ g0 and x1, y1 ∈ g1 ⊕ 〈D〉. Then, [D, D] ∈ g0. Observe that for the triples
(D, D,uα), uα ∈ gα (α = 0,1), Jacobi’s identity implies [[D, D],uα] = (−1)α[[D,uα], D]; whereas for
the triple (D, D, D), Jacobi’s identity implies [D, D] ∈ Ker(D).
As for the second statement, observe that under the hypothesis [D, D] ∈ Z(g), conditions (i) and
(ii) are reduced to D2 = 0, since D = ad(D). 
6. Proposition. Let g be a Lie superalgebra and D ∈ Der(g) be a homogeneous derivation of g.
(i) If g is solvable, g(D) is a solvable Lie superalgebra.
(ii) If g is nilpotent, the Lie superalgebra g(D) is nilpotent if and only if D is a homogeneous nilpotent deriva-
tion.
Proof. (i) Suppose that D ∈ Der(h) is even (resp. odd). It then follows that g(D)0 = g0 ⊕ 〈D〉 (resp.
g(D)0 = g0) is a solvable Lie algebra. Therefore, Theorem 3 implies that g(D) is a solvable Lie super-
algebra.
(ii) Suppose that g(D) is nilpotent, for some homogeneous D ∈ Der(h). Then, there exists k ∈ N
such that (g(D))(k) = {0}. Then, [x1, [x2, . . . , [xk−1, xk], . . .]] = 0 for all homogeneous
x1, . . . , xk ∈ g(D). In particular, this is true for x1 = · · · = xk−1 = D and any xk = y ∈ g. So,
[D, [D, . . . , [D, y], . . .]] = ad(D)k−1(y) = 0 for all y ∈ g. Finally, since ad(D) = D , we conclude that
D is nilpotent.
The converse is a consequence of Engel’s Theorem. If D is a homogeneous ad-nilpotent derivation,
every element in g(D) is ad-nilpotent. Therefore g(D) is a nilpotent Lie superalgebra. 
We now want to determine the homogeneous derivations of the Heisenberg Lie superalgebras. We
shall start by collecting some well-known facts about the structure of the automorphism group of an
ordinary Heisenberg Lie algebra h0 and of its Lie algebra of derivations.
7. Proposition. Let h0 be the Heisenberg Lie algebra associated to (V0,ω), and let V0 = E ⊕ F be a given
decomposition into maximal isotropic subspaces. Then:
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A =
(
A1 0
αt a1
)
where a1−1/2A1 ∈ Sp(V0),α ∈ V0 .
(ii) Der(h0) = sp(V0)⊕ h0 (see [1]). In fact: D : h0 → h0 is a derivation if and only if( D1 D2 0
D3 λIn − Dt1 0
dt4 d
t
5 λ
)
where D1 ∈ End(E), D2 ∈ Hom(F , E), D3 ∈ Hom(E, F ), D2 and D3 are symmetric linear maps,
d4,d5 ∈ V and λ ∈ C. Moreover, for each D ∈ Der(h0) there is an automorphism A ∈ Aut(h0) such that
(see [5])
(I) ADA−1 =
(
a I2n +X 0
0 2a
)
, X ∈ sp(V0), a ∈ C.
1. Remark. The third assertion in (ii) shows that with no loss of generality we may always assume
that a given D ∈ Der(h0) can be expressed in the form (I).
We are now ready to compute the homogeneous derivations of the Heisenberg Lie superalgebras.
Case 1. The Heisenberg Lie superalgebra h associated to an even supersymplectic form B. We know
that h = h0 ⊕ h1, with h0 a Heisenberg Lie algebra. Under these assumptions we have the following:
8. Proposition. Let D ∈ (Derh)0 be an even derivation. Then D = S ⊕ T where S ∈ Der(h0) and T ∈ End(V1)
are such that:
(i) If h /∈ Ker(S), then T satisﬁes T t g + gT = ag, where a ∈ C − {0} is the eigenvalue of S corresponding
to h.
(ii) If h ∈ Ker(S), then T ∈ o(V1). In this case,
(Derh)0 = Der(h0)⊕ o(V1).
In either case, if D : h → h is an even derivation, there is a basis of h such that
D =
(aI2n + X 0
0 2a
T
)
where X ∈ sp(V0),a ∈ C and T ∈ End(V1) satisﬁes T t g + gT = ag.
Proof. Suppose D : h → h is an even derivation of h. Then, D = S ⊕ T with S ∈ End(h0) and
T ∈ End(V1). We shall verify that D[u, v] = [Du, v] + [u, Dv] for all homogeneous elements u, v ∈ h.
Since Z(h) = 〈h〉, it is enough to verify Leibniz’s rule for the homogeneous elements u, v ∈ V .
Observe that for all u0, v0 ∈ h0, Leibniz’s rule implies that S ∈ Der(h0). Now, Proposition 7 says
that, with no loss of generality,
S =
(
aI2n + X
2a
)
, X ∈ sp(V0), a ∈ C.
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ag(u1, v1) = g(Tu1, v1)+ g(u1, T v1). That is, if and only if T t g + gT = ag . Finally, for all u0 ∈ h0 and
v1 ∈ h1 the Leibniz’s rule is trivially satisﬁed since [u0, v1] = 0. 
9. Proposition. Let π : h0 → V0 be the projection of h0 on the underlying symplectic subspace V0 ⊂ h0 and
let ι : V0 ↪→ h0 be the natural injection of V0 into h0 . An odd derivation D ∈ (Derh)1 has the form D = P ⊕ Q
with P ∈ Hom(h1,h0) and Q ∈ Hom(h0,h1) such that
(i) h ∈ Ker Q ,
(ii) M = ωNt g where M ∈ Hom(V1, V0) and N ∈ Hom(V0, V1) are the linear maps deﬁned by M = π ◦ P
and N = Q ◦ ι, respectively.
In fact, D : h → h is an odd derivation if and only if
D =
(
0 P
Q 0
)
=
( M
ρ
N 0
)
, ρt ∈ V1.
Furthermore, there is a basis of h for which we may assume that ρ = 0.
Proof. Let D : h → h be an odd derivation of h. Then, D = P ⊕ Q with P ∈ Hom(h1,h0) and
Q ∈ Hom(h0,h1). Again, it is enough to verify D[u, v] = [Du, v] + (−1)|D||u|[u, Dv] for all homoge-
neous elements u, v ∈ V . For doing this, let π : h0 → V0 be the projection of h0 onto the underlying
symplectic subspace V0 ⊂ h0 and let ι : V0 ↪→ h0 be the natural injection of V0 into h0. Consider now
M ∈ Hom(V1, V0) and N ∈ Hom(V0, V1) given by M = π ◦ P and N = Q ◦ ι respectively.
Observe that for all u0, v0 ∈ V0, D[u0, v0] = [Du0, v0] + [u, Dv0] if and only if ω(u0, v0)Q (h) = 0.
Since ω is non-degenerate, h ∈ Ker(Q ). On the other hand, for each u0 ∈ V0 and v1 ∈ V1, D[u0, v1] =
[Du0, v1] + [u0, Dv1] if and only if 0 = g(Nu0, v1) + ω(u0,Mv1). Then, M = ωNt g . Note that for all
u1, v1 ∈ h1, Leibniz’s rule is trivially satisﬁed since [u1, v1] = 0. In summary, D : h → h is an odd
derivation if and only if
D =
(
0 P
Q 0
)
=
( M
ρ
N 0
)
, ρt ∈ V1, M = ωNt g.
Let {x1, . . . , xm} be an orthonormal basis for h1  V1 and identify V1 with V ∗1 . Let ρ : V1 → C
be the linear functional corresponding to ρt ∈ V1. Take D ∈ (Derh)1 as above and set D˜ =
D −∑mk=1 ρ(xk)ad(xk). Clearly, D˜ ∈ (Derh)1 and D˜(x j) = M(x j), ∀x j ∈ V1. Hence, with no loss of
generality, any odd derivation can be assumed to have ρ˜ = 0. 
Case 2. The Heisenberg Lie superalgebra h associated to an odd supersymplectic form B.
10. Proposition. D : h → h is an even derivation of h if and only if there exist S ∈ End(V0), T ∈ End(V1),
ρt ∈ V1 and a ∈ C such that
D =
( S
T 0
ρ a
)
and StΦ +ΦT = aΦ.
Furthermore, there is a basis of h for which we may assume that ρ = 0.
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End(V1 ⊕ 〈h〉). Since Z(h) = 〈h〉, it is enough to verify D[u, v] = [Du, v] + [u, Dv] for all homoge-
neous elements u, v ∈ V .
Since V0 has an abelian Lie algebra structure, Leibniz’s rule is trivially veriﬁed for all u0, v0 ∈ V0.
On the other hand, given u0 ∈ V0 and v1 ∈ V1, D[u0, v1] = [Du0, v1] + [u0, Dv1] if and only if
Φ(u0, v1)
{
n∑
k=1
T˜kn+1xk + ah
}
= {Φ(Su0, v1)+Φ(u0, T v1)}h,
where {x1, . . . , xn} is a basis of V1. Since Φ is non-degenerate, T˜kn+1 = 0 for all k = 1, . . . ,n. We also
have StΦ +ΦT = aΦ . Then, D : h → h is an even derivation if and only if
D =
( S
T 0
ρ a
)
and StΦ +ΦT = aΦ
where S ∈ End(V0), T ∈ End(V1), ρ ∈ V1 and a ∈ C.
Let {v1, . . . , vn} and {x1, . . . , xn} be bases of V0 and V1 respectively. Identify V1  V ∗1 and let
ρ : V1 → C be the linear functional corresponding to ρt ∈ V1. Take D ∈ (Derh)0 as above and set D˜ =
D −∑nk=1 αk ad(vk), αk ∈ C. Clearly D˜ is an even derivation of h. Observe that for all x j ∈ V1 we have
D˜(x j) = T (x j) + ρ(x j)h − αkΦ(vk, x j)h. Since Φ is non-degenerate, we can always choose the scalars
αk ∈ C as those satisfying the equations ρ(x j) = α jΦ for all j = 1, . . . ,n. Therefore, D˜(x j) = T (x j) and
with no loss of generality, any odd derivation can be assumed to have ρ˜ = 0. 
11. Proposition. Let π : V1 ⊕ 〈h〉 → V1 be the projection from V1 ⊕ 〈h〉 onto V1 , and let ι : V1 ↪→ V1 ⊕ 〈h〉
be the natural injection from V1 into V1 ⊕ 〈h〉. An odd derivation D ∈ (Derh)1 has the form D = P ⊕ Q with
P ∈ Hom(h1,h0) and Q ∈ Hom(h0,h1), such that
(i) h ∈ Ker P ,
(ii) NtΩ + ΦN = 0 and MtΦ − ΩM = 0 where N ∈ Hom(V0, V1) and M ∈ Hom(V1, V0) are the linear
transformations given by N = π ◦ P and M = Q ◦ ι, respectively.
In fact D : h → h is an odd derivation of h if and only if
D =
(
0 P
Q 0
)
=
( M 0
N
ρ
)
,
where ρt ∈ V0 , NtΩ + ΦN = 0 and MtΦ − ΩM = 0. Furthermore, there exists a basis of h for which, we
may assume that ρ = 0.
Proof. Let D : h → h be an odd derivation of h. Then, D = P ⊕ Q with P ∈ Hom(h1,h0) and
Q ∈ Hom(h0,h1). It is enough to verify D[u, v] = [Du, v] + (−1)|D||u| for all homogeneous elements
u, v ∈ V . For doing this, let π : V1 ⊕ 〈h〉 → V1 be the projection from V1 ⊕ 〈h〉 onto V1, and let
ι : V1 ↪→ V1 ⊕〈h〉 be the natural injection from V1 into V1 ⊕〈h〉. Consider now M ∈ Hom(V1, V0) and
N ∈ Hom(V0, V1) given by M = P ◦ ι and N = π ◦ Q respectively.
Observe that for all u0, v0 ∈ V0, we have D[u0, v0] = [Du0, v0] + [u0, Dv0] if and only if
NtΩ + ΦN = 0. On the other hand, for each u0 ∈ V0 and v1 ∈ V1, D[u0, v1] = [Du0, v1] + [u0, Dv1]
if and only if Φ(u0, v1)P (h) = 0. Since Φ is non-degenerate, h ∈ Ker(P ). Finally, for all u1, v1 ∈ V1,
D[u1, v1] = [Du1, v1] − [u1, Dv1] if and only if MtΦ − ΩM = 0. In summary, D : h → h is an odd
derivation of h if and only if
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(
0 P
Q 0
)
=
( M 0
N
ρ
)
,
where ρt ∈ V0, NtΩ +ΦN = 0 and MtΦ −ΩM = 0.
Let {v1, . . . , vn} and {x1, . . . , xn} be bases of V0 and V1 respectively. Identify V0  V ∗0 and let
ρ : V0 → C be the linear functional corresponding to ρt ∈ V0. Take D˜ ∈ (Derh)1 as above and set
D˜ = D −∑nk=1 αk ad(xk), αk ∈ C. Clearly, D ∈ (Derh)1 and D(v j) = N(v j) + ρ(v j)h − α jΩ(x j, v j)h.
Since Ω is non-degenerate, we can always choose the scalars αk ∈ C as those satisfying the equations
ρ(v j) = Ωα j for all j = 1, . . . ,n. Therefore, any odd derivation can be assumed to have ρ˜ = 0. 
Convention. In what follows we shall work with homogeneous derivations D ∈ Derh such that ρ = 0.
We now want to construct solvable Lie superalgebras containing h as a codimension-one nilpotent
ideal, and we also want to determine which of them admit an invariant superorthogonal or supersym-
plectic form. Let h be a Heisenberg Lie superalgebra and let D ∈ Der(h) be a homogeneous derivation
of h. We want to give to h(D) = h ⊕ 〈D〉 a Lie superalgebra structure under the assumption that the
nilradical of h(D) is h. This condition is obviously satisﬁed for any solvable Lie algebra h. Thus, we
are interested in looking at the consequences of its natural generalization to solvable, in particular
Heisenberg, Lie superalgebras.
Let N(h) be the nilradical of a solvable Lie algebra h. It is a well-known fact that [h,h] ⊂ N(h)
(see [3]). Since Lie’s Theorem does not necessarily hold for a solvable Lie superalgebra h, we cannot
assure that [h,h] ⊂ N(h). However, since h must be a subalgebra of h(D), and [h(D)i,h(D) j] ⊆ h(D)i+ j
(i, j = 0,1), it follows that [h(D),h(D)] ⊂ h. Then for D ∈ (Derh)0, Proposition 6 says that the vector
superspace h(D) is a solvable Lie superalgebra having h as its nilradical; whereas for D ∈ (Derh)1,
Propositions 5 and 6 say that h(D) is a 2-step nilpotent Lie superalgebra, since [D, D] ∈ Z(h) = 〈h〉.
More precisely:
12. Proposition. Let B be a supersymplectic form, and let h = V0 ⊕ V1 ⊕ 〈h〉 be its associated Heisenberg Lie
superalgebra. Let D ∈ (Derh)1 be an odd homogeneous derivation of h. The vector superspace h(D) = h⊕〈D〉
becomes a Lie superalgebra with [h(D),h(D)] ⊂ h if and only if D2 = 0, and there is a scalar r ∈ C, such that
[u, v] = B(u, v)h, [u,h] = 0,
[D,u] = D(u), [D, D] = rh, r ∈ C
for all u, v ∈ V . Moreover, h(D) is 2-step nilpotent.
Proof. Let h be the Heisenberg Lie superalgebra associated to an even (resp. odd) supersymplectic
form B.
(⇒) Let D ∈ (Derh)1 be as in Proposition 9 (resp. Proposition 11). Suppose h(D) is a Lie superal-
gebra. Observe that Proposition 5 and Jacobi’s identity imply that MN = 0, NM = 0 and [D, D] = rh.
Therefore
ad(D) =
⎛⎜⎝
M 0
0 r
N 0
0 0
⎞⎟⎠ , M = ωNt g, r ∈ C
(resp.
ad(D) =
( M 0 0
N
0
)
NΩ +ΦN = 0, MtΦ −ΩM = 0).
Clearly, D2 = 0 since D = ad(D).
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having h as a 1-codimensional nilpotent ideal. Since D2 = 0 implies [D, D] ∈ Ker(D), the proof now
follows from Remark 5. 
Since our results were applied both to Lie algebras and Lie superalgebras, from now on, we shall
work with Lie superalgebras h(D) having h as its nilradical.
4. Classifying the Lie superalgebras h(D)
Let h(D) and h(D ′) be Lie superalgebras with D, D ′ ∈ Der(h)0, then N(h(D)) = N(h(D ′)) = h. We
are now interested in looking for the condition to have an isomorphism ϕ : h(D) → h(D ′).
13. Theorem. Let B be a supersymplectic form and let h be its associated Heisenberg Lie superalgebra. Let
D, D ′ ∈ Der(h) be even derivations such that Ker(D) = Ker(D ′) = 〈h〉. The Lie superalgebras h(D) and h(D ′)
are isomorphic if, and only if :
(i) Case |B| = 0. There are A ∈ Aut(h0), v ∈ h0 , a ∈ C − {0} and B ∈ G = {B ∈ GL(V1): ∃b 	= 0, bg(u, v) =
g(Bu, Bv), ∀u, v ∈ V1} such that
(II) D ′ = 1
a
(
AS A−1 − ad(v)
BT B−1
)
where D = S ⊕ T , D ′ = S ′ ⊕ T ′ with S, S ′ ∈ Der(h0) and T , T ′ ∈ o(V1)—the orthogonal Lie algebra
on V1 .
In this case, the isomorphism ϕ : h(D) → h(D ′) is given by
ϕ =
( A v
0 a
B
)
.
(ii) Case |B| = 1. There are A ∈ GL(V0), v ∈ V0,a 	= 0, B ∈ GL(V1) and b 	= 0 such that
(III) D ′ = 1
a
(
AS A−1
BT B−1 − ad(v)
)
where D = S ⊕ T , D ′ = S ′ ⊕ T ′ with S, S ′ ∈ End(V0) and T , T ′ ∈ End(V1) such that StΦ +ΦT = 0.
In this case, the isomorphism ϕ : h(D) → h(D) is given by
ϕ =
⎛⎜⎝
A v
0 a
B 0
0 b
⎞⎟⎠ .
Proof. We analyze the cases |B| = 0 and |B| = 1 separately.
Case 1. The Heisenberg Lie superalgebra h associated to an even supersymplectic form B.
(⇒) Suppose ϕ : h(D) → h(D ′) is a Lie superalgebra isomorphism. We know that ϕ = ϕ0⊕B where
ϕ0 : h0(D) → h0(D ′) is a Lie algebra isomorphism, and B : V1 → V1 is a vector space isomorphism. We
shall use the well-known fact that for any Lie algebra isomorphism ϕ0 : g → g′ , ϕ0(Z(g)) = Z(g′) and
ϕ0(N(g)) = N(g′). Since D, D ′ ∈ (Derh)0 are derivations such that Ker(D) = Ker(D ′) = 〈h〉, we have
Z(h(D)) = Z(h(D ′)) = 〈h〉. Also it follows that D and D ′ are non-nilpotent transformations. Then,
h0(D) and h0(D ′) are solvable Lie algebras having h0 as their nilradical. Hence, [h0(D),h0(D)] ⊂ h0
M.C. Rodríguez-Vallarte et al. / Journal of Algebra 332 (2011) 71–86 81and [h0(D ′),h0(D ′)] ⊂ h0. Then, ϕ : h0(D) → h0(D ′) is given by
ϕ =
(
A v
0 a
)
, A ∈ Aut(h0), v ∈ h0, a 	= 0.
Since ϕ : h0(D) → h0(D ′) is a Lie algebra morphism, ϕ[D, x] = [ϕD,ϕx] for all x ∈ h0. Isolating D ′|h0
from this equation we obtain
D ′
∣∣
h0
= 1
a
(
A ◦ D|h0 ◦ A−1 − ad(v)
)
.
Since ϕ is a Lie superalgebra isomorphism, ϕ[x, y] = [ϕx,ϕ y], ∀x, y ∈ h(D). In particular, for all
x, y ∈ V1 we have
ϕ[x, y] = [ϕx,ϕ y] ⇔ ag(x, y)h = g(Bx, By)h.
Hence, B ∈ G . Now isolating D ′|h1 from ϕ[D, y] = [ϕD,ϕ y] where y ∈ V1, we have
D ′
∣∣
h1
= 1
a
BT B−1.
Whence, we obtain the expression for D ′ ∈ (Derh)0 given in the statement.
(⇐) On the other hand, suppose there is a 4-tuple (A, v,a, B) with A ∈ Aut(h0), v ∈ h0, a 	= 0
and B ∈ G satisfying (II). Deﬁne ϕ : h(D) → h(D) by ϕ(x) = A(x) for all x ∈ h0, ϕ(D) = aD ′ + v and
ϕ(y) = By for all y ∈ V1. Clearly, ϕ is bijective. To show that ϕ is a Lie superalgebra morphism it is
enough to verify ϕ[D, x] = [ϕ(D),ϕ(x)] for all x ∈ h, but this is immediate from Eq. (II).
Case 2. The Heisenberg Lie superalgebra h associated to an odd supersymplectic form B.
It is enough to prove (⇒) Suppose ϕ˜ : h(D) → h(D ′) is a Lie superalgebra isomorphism. We know
that ϕ˜ = ϕ˜0 ⊕ ϕ˜1 where ϕ˜0 : V0(D) → V0(D ′) is a Lie algebra isomorphism and ϕ˜1 : V1 ⊕ 〈h〉 →
V1 ⊕ 〈h〉 is a vector space isomorphism. Since Ker(D) = Ker(D ′) = 〈h〉, D and D ′ are non-nilpotent
derivations. Note that V0(D) and V0(D ′) are solvable Lie algebras having V0 as their nilradical. On
the other hand, since D(h) = D ′(h) = 0, it follows that Z(h(D)) = Z(h(D ′)) = 〈h〉. Then
ϕ˜0 =
(
A v
0 a
)
and ϕ˜1 =
(
B 0
β b
)
where A ∈ GL(V0), v ∈ V0, a 	= 0, B ∈ GL(V1), β ∈ V1 and b 	= 0.
Observe that we can always ﬁnd an automorphism ψ ∈ Aut(h(D)) such that ϕ = ϕ˜ ◦ ψ : h(D) →
h(D ′) is diagonal. In fact,
ψ =
⎛⎜⎝
IV0 0
0 1
IV1 0−b−1β 1
⎞⎟⎠ ⇒ ϕ =
⎛⎜⎝
A v
0 a
B 0
0 b
⎞⎟⎠ .
Since ϕ : h(D) → h(D ′) is a Lie superalgebra isomorphism, ϕ[x, y] = [ϕx,ϕ y] for all x, y ∈ h(D). In
particular, for all u ∈ V0, ϕ[D,u] = [ϕD,ϕu] if and only if ASu = aS ′Au; whereas for all x ∈ V1 we
have ϕ[D, x] = [ϕD,ϕx] if and only if BT x = aT ′Bx + ad(v)Bx. Therefore, isolating S ′ and T ′ from
these equations, one obtains the expression for D ′ given in the statement. 
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and h(D ′) to become isomorphic Lie algebras. This condition is obtained from the fact that both h(D)
and h(D ′) satisfy [D, D] ∈ Ker(D) and [D ′, D ′] ∈ Ker(D ′) respectively.
5. Invariant superorthogonal and supersymplectic forms on h(D)
Let h(D) be a Heisenberg Lie superalgebra extended by a homogeneous derivation D ∈ Der(h). We
shall now prove that h(D) admits an invariant superorthogonal or supersymplectic form B̂ precisely
when |D| = 0 and B̂(D,h) 	= 0.
Note. It is easy to prove that if B̂ is invariant on h(D) and B̂(D,h) is zero a priori because
|B̂(D,h)| = 1, then B̂(x,h) = 0, ∀x ∈ h. Whence, B̂ degenerates. Thus, the only possibility to obtain
a non-degenerate invariant superorthogonal or supersymplectic form B̂ on h(D) is when B̂(D,h) is
not zero a priori, and this is the case, if and only if, |B̂| = |D| + |h|. Thus if |B̂| = 0, we have two
possibilities: either |h| = |D| = 0, or else |h| = |D| = 1. On the other hand, if |B̂| = 1, the possibilities
occur for |h| 	= |D|; that is, either |h| = 0 and |D| = 1, or else |h| = 1 and |D| = 0.
14. Lemma. Let D ∈ (Derh)0 be an even derivation of h. If the Lie superalgebra h(D) admits an invariant
homogeneous bilinear form B̂, then h ∈ Ker(D).
Proof. We analyze the cases |B| = 0 and |B| = 1 separately.
Case 1. The Heisenberg Lie superalgebra h associated to an even supersymplectic form B. Suppose
h /∈ Ker(D). We have seen in Proposition 8 that we may assume that D(h) = ah for some a ∈ C. In
this case a 	= 0. Now let B̂ : h(D) × h(D) → C be an invariant bilinear form on h(D). Then,
B̂(D,h) = 1
a
B̂(D, [D,h])= 1
a
B̂([D, D],h)= 0.
Therefore, B̂(h, D) = 0. But Proposition 4 says that B̂(x,h) = 0, ∀x ∈ h0. Whence B̂ is a degenerate
bilinear form.
Case 2. The Heisenberg Lie superalgebra h associated to an odd supersymplectic form B. Note that
in this case, the previous argument also holds because Proposition 10 implies D(h) = ah, for some
a ∈ C. 
3. Remark. Lemma 14 above provides us a necessary but not a suﬃcient condition for the existence of
an invariant superorthogonal or supersymplectic form on h(D). The trivial example is obtained with
h(D) where h is the Heisenberg Lie superalgebra associated to an even supersymplectic form B, and
D ≡ 0.
15. Proposition. Let D ∈ Derh be a homogeneous derivation of h such that h ∈ Ker(D). If dimKer(D)  2,
the Lie superalgebra h(D) does not admit invariant superorthogonal nor supersymplectic forms.
Proof. Let B̂ : h(D) × h(D) → C be an invariant symmetric or skew-symmetric bilinear form such
that, |B̂| = |D| + |h|. Since Ker(D) = (Ker D)0 ⊕ (Ker D)1, every non-homogeneous x ∈ Ker(D) can be
written as x = x0 + x1 where x0 ∈ (Ker D)0 = Ker(S) and x1 ∈ (Ker D)1 = Ker(T ). Hence, it is enough
to consider homogeneous elements x ∈ (Ker D)0 and y ∈ (Ker D)1.
Now, let V be the underlying supervector space of h. By hypothesis, there exists u ∈ V − {0}
such that D(u) = 0. Since B is a non-degenerate homogeneous supersymplectic form on V ,
there exists v ∈ V such that B(u, v) 	= 0. It follows that B̂(D, [u, v]) = B̂([D,u], v) if and only if
B(u, v)B̂(D,h) = 0. Therefore, B̂(D,h) = 0 and hence, B̂ degenerates. 
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invariant superorthogonal nor supersymplectic forms.
Proof. Let h(D) be the Lie superalgebra constructed from a Heisenberg Lie superalgebra h and an odd
homogeneous derivation D ∈ (Derh)1. For any Heisenberg Lie superalgebra, Proposition 12 implies
that D ∈ (Derh)1 is nilpotent and therefore, dimKer(D) 2. Hence, by Proposition 15 above, the Lie
superalgebras h(D) do not admit invariant superorthogonal nor supersymplectic forms. 
4. Remark. Let D ∈ (Derh)0 be an even derivation such that h ∈ Ker(D). That is:
(1) If |h| = 0
D =
(
S
T
)
=
( X 0
0 0
T
)
where X ∈ sp(V0) and T ∈ o(V1).
(2) If |h| = 1
D =
( S
T 0
0 0
)
,
where S ∈ End(V0), T ∈ End(V1) such that StΦ +ΦT = 0.
Let h be the Heisenberg Lie superalgebra associated to an even supersymplectic form B. Sup-
pose that X is nilpotent. Then, there is a v ∈ V0, v 	= 0 such that X(v) = 0. So, dimKer(S)  1 and
then dimKer(D) 2. Therefore, Proposition 15 shows that h(D) does not admit even invariant super-
orthogonal forms. The same argument holds if T ∈ End(V1) is nilpotent. Finally, for the Heisenberg
Lie superalgebra h associated to an odd supersymplectic form B the same argument works.
The previous remarks say that we have only two different Lie superalgebras h(D) with the pos-
sibility of having invariant superorthogonal or supersymplectic forms: h(D) with |B̂| = |h| = |D| = 0
and h(D) with |B̂| = |D| = 1 and |h| = 0.
17. Theorem. Let D ∈ (Derh)0 be an even homogeneous derivation of h(V ,B). The Lie superalgebra h(D)
admits an invariant superorthogonal or supersymplectic form if and only if Ker(D) = 〈h〉. In each case,
B̂ : h(D)× h(D) → C is necessarily supersymmetric, |B̂| = |B| and it is given by:
(i) Case |B| = 0.
B̂ =
⎛⎜⎝
γ1(Xt)−1ω
0 γ1
γ1 γ2
γ1(T t)−1g
⎞⎟⎠ , γ1, γ2 ∈ C, γ1 	= 0.
(ii) Case |B| = 1.
B̂ =
⎛⎜⎝
γ (St)−1Φ 0
0 γ
γ (T t)−1Ω 0
0 γ
⎞⎟⎠ , γ 	= 0.
84 M.C. Rodríguez-Vallarte et al. / Journal of Algebra 332 (2011) 71–86Proof. We analize the cases |B| = 0 and |B| = 1 separately.
Case 1. The Heisenberg Lie superalgebra h associated to an even supersymplectic form B.
(⇒) First suppose that h(D) admits an even invariant superorthogonal form. By Lemma 14, one
deduces that necessarily h ∈ Ker(D). Then, dimKer(D)  1. Besides, it follows from Proposition 15
that dimKer(D) < 2; therefore dimKer(D) = 1 and hence, we conclude Ker(D) = 〈h〉.
(⇐) On the other hand, take D ∈ (Derh)0 such that Ker(D) = 〈h〉. Then,
D =
(
S
T
)
=
( X 0
0 0
T
)
where X ∈ sp(V0) and T ∈ o(V1) are both non-singular.
We now look for an invariant superorthogonal or supersymplectic form B̂ : h(D) × h(D) → C
such that B̂(u, v) = B̂0(u0, v0) + B̂1(u1, v1) for all u, v ∈ h(D), where B̂0 = B̂|h0(D)×h(D)0 and B̂1 =
B̂|V1×V1 . Since we already know that B̂(x,h) = 0 for all x ∈ h, we shall demand B̂(h, D) 	= 0. Clearly,
D(v) = X(v) for all v ∈ V0. Since X is non-singular, for each v ∈ V0 there exists v0 ∈ V0 such that
v = X(v0). So,
B̂(D, v) = B̂(D, X(v0))= B̂(D, D(v0))
= B̂(D, [D, v0])= B̂([D, D], v0)
= 0.
In this way, we look for B : h(D) × h(D) → C such that
B̂ =
( B̂0
0 γ1
γ1 γ2
)
where B̂0 = B̂|V0×V0 → C, γ1 = B(h, D) 	= 0, and γ2 = B(D, D) ∈ C.
Since B̂ must be invariant, it follows that for any u, v ∈ V , B̂([D,u], v) = B̂(D, [u, v]). In partic-
ular, for u, v ∈ V0 this implies B̂(D(u), v) = ω(u, v)B̂(D,h), that is B̂0(X(u), v) = γ1ω(u, v). Hence,
B̂0 = γ1(Xt)−1ω. Observe that B̂0 is invariant by construction. A simple calculation using the fact
that X ∈ sp(V0), shows that B̂0 is a non-degenerate symmetric bilinear form on V0. Therefore, the
required invariant orthogonal form on h(D)0 is given by
B̂0 =
(
γ1(Xt)−1ω
0 γ1
γ1 γ2
)
with γ1 and γ2 arbitrary scalars, except for the fact that γ1 	= 0.
We shall now determine B̂1 from the invariance condition. Let u, v ∈ V1. Note that
B̂([D,u], v)= B̂(D, [u, v]) ⇔ B̂1(T (u), v)= g(u, v)B̂0(D,h).
Since g is non-degenerate, B̂1 = γ1(T t)−1g . By a simple computation using the fact that T ∈ o(V1),
one easily veriﬁes that such B̂1 is a non-degenerate skew-symmetric bilinear form on V1. Then, B̂1 is
an invariant symplectic form on V1. It follows that dim V1 = 2k for some k ∈ N.
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B̂ =
⎛⎜⎝
γ1(Xt)−1ω
0 γ1
γ1 γ2
γ1(T t)−1g
⎞⎟⎠
with γ1 and γ2 arbitrary scalars, except for the fact that γ1 	= 0.
Case 2. The Heisenberg Lie superalgebra associated to an odd supersymplectic form B.
(⇒) Again, it is a consequence of Lemma 14 and Proposition 15.
(⇐) On the other hand, we look for B̂ : h(D) × h(D) → C an odd invariant superorthogonal or
supersymplectic form on h(D). That is, we look for B̂ ↔ Θ with Θ : V0 ⊕ 〈D〉 × V1 ⊕ 〈h〉 → C and
Λ : V1 ⊕ 〈h〉 × V0 ⊕ 〈D〉 → C such that either Θ(u0, x1) = Λ(x1,u0) or Θ(u0, x1) = −Λ(x1,u0) for all
u0 ∈ V0 ⊕ 〈D〉 and x1 ∈ V1 ⊕ 〈h〉.
We shall now determine B̂ from the invariance condition. Let u, v ∈ V0 and x ∈ V1. Observe that
B̂([D,u], x) = B̂(D, [u, x]) if and only if Θ(Su, x) = Φ(u, x)Θ(D,h). Setting γ = Θ(D,h), we have Θ =
γ (St)−1Φ . In particular, γ 	= 0. Using the fact that StΦ + ΦT = 0, we obtain that Θt = −γ (T t)−1Φt .
Now, note that B̂(D, [x,u]) = B̂([D, x],u) if and only if Λ = −α(T t)−1Ω . It then follows that Λ = Θt ;
whence B̂ must be supersymmetric.
On the other hand, observe that B̂([x,u],u) = B̂(x, [u,u]) if and only if Ω(x,u)Λ(h,u) = 0. Since
Ω is non-degenerate, we conclude Λ(h,u) = 0 for all u ∈ V0. In the same way, for all u, v ∈ V0
and x ∈ V1, B̂([u, x], v) = B̂(u, [x, v]) if and only if Φ(u, x)Λ(h, v) = Ω(x, v)Θ(u,h). Since Ω is non-
degenerate and Λ(h, v) = 0, we have Θ(u,h) = 0.
Therefore, the required odd invariant orthogonal structure on h(D) is given by
B̂ =
⎛⎜⎝
γ (St)−1Φ 0
0 γ
γ (T t)−1Ω 0
0 γ
⎞⎟⎠ , γ 	= 0. 
Let h(D) and h(D ′) be Lie superalgebras admitting invariant superorthogonal forms B̂ and B̂ ′ , re-
spectively. To determine the condition to have an isometric isomorphism ϕ : h(D) → h(D ′) we simply
have to check whether or not ϕtB̂ϕ = B̂ ′ .
18. Theorem. Let h(D) and h(D ′) be equipped with invariant orthogonal forms B̂ and B̂ ′ , respectively as in
Theorem 17. There is an isometric isomorphism ϕ : h(D) → h(D ′) if, and only if :
(i) Case |B| = 0. There is a pair (A,b) ∈ GL(V0) × C − {0} such that b−1/2A ∈ Sp(V0) and a pair (B,a) ∈
GL(V1)× C − {0} such that
B̂ ′0 = At B̂0A, γ ′1 = abγ1, γ ′2 = a2γ2, B̂1 = Bt B̂ ′1B.
(ii) Case |B| = 1. There is a triple (A,a,b) ∈ GL(V0)× C − {0} × C − {0} and B ∈ GL(V1) such that
B̂ ′0 = At B̂0B, γ ′ = abγ , B̂1 = Bt B̂ ′1A.
Proof. We analize the cases |B| = 0 and |B| = 1 separately.
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case of Theorem 13 implies that a Lie algebra isomorphism ϕ˜ : h(D) → h(D ′) is given by
ϕ˜ =
( A˜ v
0 a
B
)
, A˜ ∈ Aut(h0), v ∈ h0, a 	= 0, B ∈ GL(V1).
As a consequence of Proposition 7, we can speciﬁcally write A˜ ∈ Aut(h0) and then, ϕ˜ : h(D) → h(D ′)
is expressed as follows
ϕ˜ =
⎛⎜⎝
A 0 z
αt b d
0 0 a
B
⎞⎟⎠
where b−1/2A ∈ Sp(V0), α, z ∈ V0 ⊂ h0, d ∈ C, a 	= 0 and B ∈ GL(V1). Note that we can always ﬁnd an
automorphism ψ ∈ Aut(h(D)) such that ϕ = ϕ˜ ◦ψ : h(D) → h(D ′) is diagonal. In fact,
ψ =
⎛⎜⎝
IV0 0 −A−1z−b−1αt 1 b−1(αt A−1z − d)
0 0 1
IV1
⎞⎟⎠ ⇒ ϕ =
⎛⎜⎝
A 0 0
0 b 0
0 0 a
B
⎞⎟⎠ .
Now let B̂ : h(D) × h(D) → C and B̂ ′ : h(D ′) × h(D ′) → C be invariant superorthogonal forms for
h(D) and h(D ′), respectively. Since ϕ : h(D) → h(D ′) must be an isometry, ϕtB̂ϕ = B̂ ′ . It then follows
that B̂ ′0 = AtB̂0A, γ ′1 = abγ1 	= 0, γ ′2 = a2γ2 ∈ C and B̂1 = BB̂ ′1B .
Case 2. The Heisenberg Lie superalgebra h associated to an odd supersymplectic form B. The second
case of Theorem 13 implies that a Lie algebra isomorphism ϕ˜ : h(D) → h(D ′) is given by
ϕ˜ =
⎛⎜⎝
A v
0 a
B 0
0 b
⎞⎟⎠ , A ∈ GL(V0), v ∈ h0, a 	= 0, B ∈ GL(V1), b 	= 0.
Now let B̂ : h(D) × h(D) → C and B̂ ′ : h(D ′) × h(D ′) → C be invariant superorthogonal forms for
h(D) and h(D ′), respectively. Since ϕ : h(D) → h(D ′) must be an isometry, ϕtB̂ϕ = B̂ ′ . It then follows
that B̂ ′0 = AtB̂0B , γ ′ = abγ 	= 0 and B̂1 = BtB̂ ′1A. 
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